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On a Five-Dimensional Chern-Simons AdS Supergravity without gravitino
Y.M.P. Gomes1, ∗ and J. A. Helayel-Neto1, †
1Centro Brasileiro de Pesquisas F´ısicas (CBPF),
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Based on recent discussions on the so-called unconventional supersymmetry, we propose a 5D
Chern-Simons AdS-N -SUGRA formulation without gravitino fields and show that a residual local
SUSY is preserved. We explore the properties of CS theories to find a solution to the field equations
in a 5D manifold. With a Randall-Sundrum-type ansatz, we show that this particular dimensional
reduction is compatible with SUSY, and some classes of 4D solutions are then analyzed.
PACS numbers: 04.65.+e,11.15.Yc
I. INTRODUCTION
An alternative method to build up a theory with SUSY
is by implementing a gauge theory for a super-algebra
that includes an internal gauge group, G, along with a lo-
cal SO(1, D−1) algebra that has to be set up to connect
these two symmetries through fermionic supercharges [1–
3]. In these references, the field multiplet is composed by
a (non-)Abelian field, A, a spin-1/2 Dirac fermion, ψ,
the spin connection, ωab, the d-bien, ea, and additional
gauge fields which complete the degrees of freedom to
accomplish the supersymmetrization. These additional
fields are dependent on the structure of the group and
the space-time which we intend to work in. The repre-
sentations of the fields are not all the same. The Dirac
spinor transforms under the fundamental representation,
while the gauge connection belongs to its adjoint repre-
sentation of G. In this framework, the metric is com-
pletely invariant under the symmetries G, SO(1, D − 1)
and supersymmetry.
Due to the properties above, the model displays im-
portant differences in comparison with standard SUSYs.
For example, there is no superpartners with degener-
ate masses, nor an equal number of degrees of freedom
of bosons and fermions. There is not even a spin-3/2
fermion, i.e., a gravitino, in the spectrum of the model
[1–3].
It is remarkable that, in odd dimensions, the Chern-
Simons (CS) form is quasi-invariant under the whole su-
pergroup. On other hand, for even dimensions, the sym-
metry breaks into G × SO(1, D − 1). For example, for
D = 4, the super-group can have no invariant traces,
and this is the reason why supersymmetry breaks down.
The action in four dimensions must be seen as an effective
description, due to, for instance, a quartic fermionic cou-
pling that shows up and prevents the model from being
renormalizable [1–3].
The paradigm that the procedure still keeps from
standard SUSY is that fermion and bosons can be com-
bined into a unique non-trivial representation of a su-
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pergroup. The differences appear already in the scenario
where the SUSY works. In this proposal, SUSY is an
extension of the symmetries of the tangent space. Since
Dirac fermions are in the [(12 , 0) ⊕ (0,
1
2 )]-representation
of Lorentz group, SUSY is implemented as an extension
of the tangent space symmetries. This approach allows
us to implement SUSY in any manifold,by looking for the
symmetries of the tangent bundle. Another difference is
found in the field representations [1].
A Chern-SimonsAdS5 supergravity is a gauge model
based on a SUSY extension of the AdS5 gravity. Based
on the no-gravitini approach [1] and on the structure of
SO(4, 2) group, we work with a field that is a 1-form
gauge connection [4]:
Aˆ = eˆaJa+
1
2
ωˆabJab+Aˆ
kTk+(ψ¯
rΓˆQr+Q¯
rΓˆψr)+bˆK, (1)
where the hat stands for 5-dimensional forms; Γˆ =
eˆaγa, with a, 0, ..., 4; k = 1, ...,N
2 − 1 and r = 1, ...,N .
This 1-form has values in the SU(2, 2|N ) super-algebra,
whose bosonic sector is given by SU(2, 2)⊗SU(N )⊗U(1),
where SU(2, 2) ≃ SO(4, 2) [4].
The infinitesimal gauge transformation is given by
δAˆ = dˆǫ+[Aˆ, ǫ}, with ǫ = ǫaJa+
1
2ǫ
abJab+ǫ
kTk+ χ¯
rQr+
Q¯rχr + ǫbK. In components, we have:
δeˆa = dˆǫa+ωˆabǫb+ǫ
abeˆb+
1
2
(ψ¯rΓˆγaχr+χ¯
rγaΓˆψr) , (2a)
δωˆab = dˆǫab+ωˆacǫ bc +ωˆ
bcǫ ac +
1
4
(ψ¯rΓˆγabχr+χ¯
rγabΓˆψr) ,
(2b)
δAˆk = dˆǫk + fklmAˆlǫ
m − i(ψ¯r(τk) sr Γˆχs + χ¯
rΓˆ(τk) sr ψs) ,
(2c)
δ(Γˆψr) = ~ˆ∇χr (2d)
δbˆ = dˆǫb + i(ψ¯
rΓˆχr + χ¯
rΓˆψr) , (2e)
where ~ˆ∇χr = dˆχr+[i(
1
4−
1
N
)bˆ+ 12 eˆaγ
a+ 14 ωˆabγ
ab]χr+
Aˆk(τ
k) sr χs. The field-strength is given by Fˆ = dˆAˆ +
21
2 [Aˆ, Aˆ}. In components, we have Fˆ = Fˆ
aJa+
1
2 Fˆ
abJab+
Fˆ kTk +
¯ˆ
ΘrQr + Q¯
rΘˆr + FK, where:
Fˆ a = dˆeˆa + ωˆabeˆ
b + ψ¯rΓˆγaΓˆψr = Dˆωˆ eˆ
a + ψ¯rΓˆγaΓˆψr ,
(3a)
Fˆ ab = Rˆab + eˆaeˆb +
1
2
ψ¯rΓˆγabΓˆψr , (3b)
Fˆ k = dˆAˆk + fklmAˆ
lAˆm + ψ¯rΓˆ(τk) sr Γˆψs , (3c)
Θˆr = ( ~ˆ∇)
s
r(Γˆψs) ,
¯ˆ
Θr = ( ~ˆ∇)sr(ψ¯
sΓˆ) , (3d)
Fˆ = dˆbˆ+ iψ¯rΓˆΓˆψr, (3e)
where Rˆab = dˆωˆab + ωˆacωˆ bc . In the sequel, we shall
specifically analyze the SUSY transformations and see
how the gravitino sector is suppressed from the model.
II. SUSY TRANSFORMATION
In the work of Ref.[2], to ensure that no gravitini ap-
pear in the spectrum in 3D action, the authors show that
the dreibein remains invariant under gauge and super-
symmetry transformations, but rotates as a vector under
the Lorentz subgroup. To do this, we must look for the
SUSY transformations. In the fermionic part, we have
δ(Γˆψr) = ~ˆ∇χr, where χ is the local SUSY parameter.
Any vector with spinor index can be split into irreducible
representations: 1 ⊗ 1/2 = 3/2 ⊕ 1/2 of the Lorentz
group. So, for ξαa = (P3/2 + P1/2)
a
bξ
α
b = φ
α
a + Ψ
α
a , where
(P3/2)
b
a = δ
b
a −
1
5γaγ
b = δba − (P1/2)
b
a are the projectors,
φαa are the 3/2-component and Ψ
α
a is the 1/2-component.
Therefore, we have (P3/2)
b
aγbψ = 0, by definition. SUSY
transformation yields:
δ(Γˆψr) = δeˆ
aγaψr + eˆ
aγaδψr = ~ˆ∇χr. (4)
Applying the P3/2-projector to the equation above,
we find that
(P3/2)
ν
µ ∇ˆνχr = 0 , (5)
which implies that ∇ˆχr = eˆaγaρr, for an arbitrary spinor
ρ. This condition guarantees that the symmetry trans-
formations close off-shell without the need of introduc-
ing auxiliary fields [2]. Applying P1/2-projector to the
equation (4) we obtain that, under SUSY, δψr = ρr and
δeˆa = 0. The spinor ρr obeys the Killing equation; the
number of Killing spinors defines the number of unbro-
ken supersymmetries, i.e., supersymmetries respected by
the background [2]. For instance, if ρr = 0, we have
χr = constant (covariantly constant), and we obtain a
global SUSY. For a general solution, a Hamiltonian anal-
ysis must be carried out to extract the exact solution for
the SUSY parameter [3].
III. 5D TOPOLOGICAL ACTION
The topological action can be written as a Chern-
Simons action in 5 dimensions [4]:
S5D =
∫
〈AFF −
1
2
FAAA+
1
10
AAAAA〉, (6)
where 〈...〉 stands for the supertrace. The only non-
vanishing supertraces are:
〈JaJbcJde〉 = −
1
2
εabcde , 〈T
iT jT k〉 = −f ijk
〈KJabJcd〉 = −
1
4
ηab,cd , 〈KT
iT j〉 = −
1
N
δij
〈KJaJb〉 = −
1
4
ηab , 〈KKK〉 =
1
N 2
+
1
42
〈Q¯αr JabQ
s
β〉 = −
i
4
(Γab)
α
βδ
s
r , 〈Q¯
α
r T
iQsβ〉 = −
i
2
δαβ (τ
i)sr
〈Q¯αr JaQ
s
β〉 = −
i
2
(Γa)
α
βδ
s
r , 〈Q¯
α
rKQ
s
β〉 = −
1
2
(
1
4
+
1
N
)δαβ δ
s
r
Using these definitions, we can find the components
of the action S5D = SG + SSU(N ) + SU(1) + Sf , where:
SG = −
1
2
ǫabcde
∫
Fˆ abFˆ cdeˆe−
1
2
Fˆ abeˆceˆdeˆe+
1
10
eˆaeˆbeˆceˆdeˆe ,
(7)
SSU(N ) = −
∫
Tr
[
AˆFˆFˆ−
1
2
AˆAˆAˆFˆ+
1
10
AˆAˆAˆAˆAˆ
]
+
+
i
2
Aˆ · ψ¯rΓˆ(∇ˆτ∇ˆ) sr Γˆψs , (8)
SU(1) =
∫
(
1
N 2
+
1
42
)bˆ(Fˆ )2 + bˆ
(
−
1
4
Fˆ abFˆab −
1
4
Fˆ aFˆa +
−
1
N
Fˆ iFˆi +
1
2
(
1
4
+
1
N
)ψ¯rΓˆ(∇ˆ2) sr Γˆψs
)
,
(9)
Sf = i
∫
ψ¯rΓˆRˆ sr (∇ˆΓˆψ)s + c.c. , (10)
Here,
(∇ˆ2)sr =
[1
4
(Rˆab + eˆaeˆb)γab +
1
2
Tˆ aγa + i(
1
4
−
1
N
)dˆbˆ
]
δsr +
+
[
dˆAˆk + fkk
′k′′Aˆk
′
Aˆk
′′]
(τk)sr , (11)
(∇ˆτk∇ˆ)sr = (∇ˆ
2)s
′
r (τ
k)ss′ , (12)
and
Rˆ sr =
[
−
1
4
Fˆ abγab−
1
2
Fˆ aγa+
i
2
(
1
4
+
1
N
)Fˆ
]
δ sr +Fˆ
i(τi)
s
r .
(13)
3It should be noticed that, since Rˆsr ⊃ ΓˆΓˆδ
s
r , the
fermionic part of Sf generates a Dirac-like action for the
fermions (Sf ⊃
∫
d5xψ¯r /Dψr). Notice that the bosonic
part is almost the same in comparison with the usual 5D
AdS-SUGRA action [4]. The important difference lies in
the fermionic sector.
A. Gauge transformation and the field equations
The CS 5D action transforms under a gauge trans-
formation as δS5D =
∫
〈FFδA〉. We can see that due to
this identity, one can readily find the field equations in
terms of component fields, and they are given by:
δeˆa → −
1
2
εabcdeFˆ
bcFˆ de −
1
4
FˆbFˆ −
i
2
¯ˆ
ΘrγaΘˆr = 0 , (14)
δωˆab → −
1
2
εabcdeFˆ
cdFˆ e−
1
4
FˆabFˆ−
i
2
¯ˆ
ΘrγabΘˆr = 0 , (15)
δbˆ→ −
1
4
Fˆ abFˆab −
1
4
Fˆ aFˆa −
1
N
Fˆ iFˆi + (
1
N 2
−
1
42
)(Fˆ )2 +
−
1
2
(
1
4
−
1
N
)
¯ˆ
ΘrΘˆr = 0 , (16)
δAˆi → f ikj Fˆ jFˆ k +
1
N
FˆiFˆ +
i
2
¯ˆ
Θr(τ i)srΘˆs = 0 , (17)
R sr Θˆs = 0 . (18)
It can be checked that F = 0 is a solution to the field
equation. Let us analyze this solution. In components,
we have:
Fˆ a = 0→ Tˆ a = Dˆωˆ eˆ
a = −ψ¯rΓˆγaΓˆψr (19a)
Fˆ ab = 0→ Rˆab + eˆaeˆb = −
1
2
ψ¯rΓˆγabΓˆψr (19b)
Fˆ k = 0→ dˆAˆk + fklmAˆ
lAˆm = −ψ¯rΓˆ(τk) sr Γˆψs (19c)
Fˆ = 0→ dˆbˆ = −iψ¯rΓˆΓˆψr. (19d)
It is useful to pay attention to some special struc-
tures. For instance, if we take the 3-form Sˆ = eˆaTˆ
a, we
have that Sˆ = −ψ¯rΓˆΓˆΓˆψr = i⋆dˆbˆ, where ⋆ represents the
Hodge dual in the 5D Manifold. However, by using the
Cartan identities, we have dˆ(eˆaTˆ
a) = Tˆ aTˆa−eˆaeˆbRˆab. By
virtue of this identity, we find the equation that follows:
idˆ ⋆ dˆbˆ = Tˆ aTˆa − eˆaeˆbRˆ
ab. (20)
On the other hand, by defining the co-derivative
dˆ† = ⋆d⋆, we may introduce a Laplacian operator, ✷ˆ =
dˆ†dˆ+ dˆdˆ†, and, using a gauge condition dˆ†bˆ = 0, we have
✷bˆ = ⋆(Tˆ aTˆa− eˆaeˆbRˆab). Therefore, the bˆ-field has a dy-
namics which respects the equation above. In this sense,
we can interpret the topological sector as the source of the
U(1) field, bˆ. Going further, if the fu¨nfbein is invertible,
we can define the following operation on some n-form,
(Eˆa⌋Vˆ a) = Eˆµa Vˆ
a
µµ1µ2...µn−1dx
µ2 ...dxµn−1 = Vˆ , where Eˆµa
is the inverse of the fu¨nfbein, i.e., (Eˆa⌋eˆ
b) = δba. This
operation can normally be extended to forms with any
number of Lorentz indices. So, we can define the 1-form
Tˆ = (Eˆa⌋Tˆ a) = 10 ⋆ (eˆaeˆbRˆab). Therefore, the equation
(20) can be rewritten as
✷ˆbˆ = ⋆(Tˆ aTˆa)−
1
10
Tˆ . (21)
We here omit the fermionic structure of the torsion
for simplicity. This shows us that the torsion is the only
source for the bˆ-field and it is a propagating excitation in
five-dimensional space-time.
IV. DIMENSIONAL REDUCTION
We have that the index a = 0, ..., 4 = I, 4; where the
index I refers to the SO(1, 3) Minkowski group. So, the
fields can be split into two pieces [9, 10].
ωˆab = {ωˆIJ , λbˆI} , eˆa = {eˆI , eˆ4} . (22)
Besides that, we are also interested in considering
the action in a 4-dimensional version; so, we must split
the coordinates as xα = (xµ, χ) and the 1-forms can be
written as follows below:
ωˆIJ = ωIJ + ωIJχ dχ ; bˆ
I = bI + bIχdχ (23)
eˆI = eI + eIχdχ ; eˆ
4 = e4 + e4χdχ (24)
bˆ = b + bχdχ ; Aˆ
k = Ak +Akχdχ . (25)
Since the 5 D gamma-matrices can be split as γa =
(γI , γ5), we then have:
Γˆ = γIeI + γ5e
4 +
[
γI(eI)χ+ γ5e
4
χ
]
dχ . (26)
As we can see, the equation F = 0 satisfies the field
equations for the topological action. Therefore, we can
analyze this solution in terms of the reduced components
(see VI).
NOTE - Chamseddine Gauge-Fixing: In the
dimensional reduction of the 5D Chamsedinne action to
a 4D action for gravity [9], it can be shown that we can fix
e4 = eIχ = b
I = ωIJχ = 0, due to the condition ∂χf = 0,
4for any field f . However, in our case, this is not possi-
ble anymore, due to the supersymmetric character of the
transformation. If we wish to preserve SUSY, we should
not use the Chamsedinne gauge-fixing. The central ques-
tion is: which is the gauge-fixing that maintains SUSY
and switches off the spurious degrees of freedom? Using
the Killing equation, we check that δSUSY eˆ
a = 0. There-
fore, we can fix, in principle, e4 = eIχ = 0, but we still
cannot fix bI and ω
IJ
χ .
Since the fu¨nfbein does not transform under SUSY,
the analysis of the residual transformation of eˆa gives
us some clues about the ansatz we may assume for the
fu¨nfbein. One of the possible ansa¨tze is shown in the
next Section.
V. RANDALL-SUNDRUM DIMENSIONAL
REDUCTION
A Randall-Sundrum-like ansatz is proposed with the
assumption that the geometry of 5D space-time has the
following structure [11–13]:
ds25D = e
−2σ(χ)gµν(x)dx
µdxν +G(χ)2dχ2 . (27)
We can translate (27) in terms of the following fu¨nfbein:
eˆaα =
[
hIµ(x)e
−σ(χ) 0
0 G(χ)
]
, (28)
where σ is called conformal function. A special
choice and application of this ansatz in standard AdS
SUGRA can be viewed in the paper by Garavuso and
Toppan [14]. The 4D metric can be written as gµν(x) =
ηIJh
I
µh
J
ν . This ansatz fixes e
4 = eIχ = 0. This can, in
principle, be a problem. But, due to the no-gravitini con-
dition, this choice is viable. Going further, the inverse of
the fu¨nfbein is given by:
Eˆαa =
[
(h−1(x)) µI e
σ(χ) 0
0 1G(χ)
]
, (29)
where we assume that hIµ has an inverse, i.e.,
hIµ(h
−1)Jµ = ηIJ . This opens up the opportunity to
define the inverse of the vielbein (in 4D). We have that
eI = e−σhIµdx
µ = eIµdx
µ, which implies eIµeνI = gµν .
Therefore, we may define EµI = e
σhµI so that e
I
µE
µ
J = δ
I
J .
We can define a similar operation “⌋” in 4D, and we can
rewrite the identity above as EµJ e
I
µ = (EJ⌋e
I) = δIJ . We
shall use this operation from now on, and the 4D char-
acter is implicit in the forms without “ ˆ ”. Now, we can
look at the field equations F = 0. This anzatz gives us
that the torsion part yields the following equations:
deI + ωIJe
J = T I = −ψ¯rΓγIΓψr , (30a)
− σ′eI + ωIJχ eJ = −Gψ¯
rΓγIγ5ψr , (30b)
λbIeI = −ψ¯
rΓγ5γ
IψreI , (30c)
λbIχeI = −Gψ¯
rγIψreI , (30d)
where σ′ = ∂χσ, and we have used γ
2
5 = 1. Note
that the first equation gives us that the 4D torsion is
algebraically solved interms of a fermionic bilinear. In
general, the torsion tensor can be written as:
T IJK =
1
3
(δIJ tK − δ
I
KtJ) +
1
6
ǫIJKLs
L + qIJK , (31)
where the q-tensor are in general discarded. There-
fore, from the first identity of the previously set of
equations, we see that we may write a 3-form S such
that S = eIT
I = −ψ¯rΓΓΓψr and a 1-form T =
(eI⌋T I) = −4ψ¯rΓψr, both components of the 2-form tor-
sion, T IJK = (eK⌋eJ⌋T
I) = −ψ¯rγJγIγKψr, i.e.:
tI = −ψ¯
rγIψr ; sI = −ψ¯
rγIγ5ψr ; q
I
JK = 0 . (32)
Following this line of arguments, from the second
equation, we have that σ′(χ) = 4G(χ)ψ¯rγ5ψr. In other
words, we have a direct relation between the conformal
function, σ, the χ-component of the fu¨nfbein, G(χ), and
the chiral scalar bilinear, ψ¯rγ5ψr. In the case ψ¯
rγ5ψr =
0, the conformal function will be some arbitrary con-
stant. We can directly see that ωIJχ = −Gψ¯
rγIJγ5ψr,
λbI = −ψ¯rΓγ5γ
Iψr and λb
I
χ = −Gψ¯
rγIψr = Gt
I . The
only component of the spin connection that does not
come out as a fermionic bilinear is the 4-dimensional spin
connection, ωIJ .
Using the equations of motion and the global con-
formal symmetry, eˆa → ℓeˆa , ψr → ℓ−1ψr, present in the
connection, we can express the Ricci scalar by means of
the following equation:
R(ω˜) = −
8
ℓ2
− (1 + λ2)ℓ2(ψ¯rγIJγ5ψr)(ψ¯
sγIJγ5ψs) +
−10 ψ¯rψr +
4
3
ℓ2(ψ¯rγIψr)(ψ¯
sγIψs) +
+
ℓ2
24
(ψ¯rγIγ5ψr)(ψ¯
sγIγ5ψs)− 4ℓ
2(ψ¯rγ5ψr)
2 ,
(33)
where the spin connection is written as ωIJ = ω˜IJ +
KIJ , with KIJ being the 1-form the contortion, related
with the torsion by the relation T I = D(ω˜)eI +KIJe
J =
KIJe
J and KI = (E
J⌋KIJ) = tI . Eq.(33) is the main
result of our paper. Independently from the possible de-
pendence of the χ-coordinate on the fermionic field, we
may state that our result can be interpreted as an effec-
tive cosmological constant where the fermionic matter is
distributed. This can also can affect the internal struc-
ture of stars, specially the most dense ones.
The torsion components, with the correct dimension,
are written as follows:
tI = −
1
ℓ
ψ¯rγIψr ; sI = −
1
ℓ
ψ¯rγIγ5ψr ; q
I
JK = 0 (34)
As we have sees in Section III, the gauge field bˆ ac-
quires dynamics in the 5-dimensional space. Now, af-
ter dimensional reduction, we can look its components,
5bˆ = (b, bχ = Φ), and we have that:
✷b = (
3σ′ − 1
2ℓ
)(ψ¯rΓψr) +
+2Gǫ νρλµ (ψ¯
rγνγ5γρψr)(ψ¯
rγλψr)dx
µ , (35)
✷Φ = −
1
2ℓ
ψ¯rγ5ψr − ǫ
µνρλ[(ψ¯rγµγ
Iγνψr)(ψ¯
rγργIγλψr) +
+(ψ¯rγµγ5γνψr)(ψ¯
rγργ5γλψr)] , (36)
where ✷ here means ✷ˆ in the framework of the RS
dimensional reduction. As one can notice, the vector cur-
rent, jµ = ψ¯rγµψr, is a source to the vector gauge field,
b, with effective charge q = 3σ
′−1
2ℓ . The pseudo-scalar bi-
linear act as a source to the component Φ. Besides that,
a unusual source, quartic in the fermionic fields, also ap-
pears in the equation of motion of both components.
VI. CONCLUSIONS
We have here presented a 5D Chern-Simons AdS-
super-gravity model without a gravitino. The formula-
tion proposed in [1] generates effective models where the
spin-1 fermionic field is replaced by a composition of a
Dirac fermion and the d-bein. Exploring a natural solu-
tion for topological actions, F = 0, we find non-trivial
solutions for the fields. Specially, we find that the tor-
sion plays an important role in terms of fermionic con-
densates. Analyzing the gauge transformations, we have
shown that the Randall-Sundrum dimensional reduction
respects the gauge transformation with the no-gravitini
assumption. The 4-dimensional equations give us a un-
usual Ricci scalar dependence on the fermionic bilinears.
A study of the fermionic behavior in the 4-dimensional
brane is a next step in our endeavor, so that we may go
deeper into the properties of our effective model we have
discussed in the present contribution.
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APPENDIX
The representation of the generators is given in
terms of (4 +N )× (4 +N ) supermatrices:
Jab =
[
1
2 (γab)
α
β 0
0 0
]
, Ja =
[
(γa)
α
β 0
0 0
]
,
Tk =
[
0 0
0 (τk) sr
]
, Qαs =
[
0 0
−δrsδ
α
β 0
]
,
Q¯sα =
[
0 δrsδ
α
β
0 0
]
, K =
[
i
4δ
α
β 0
0 1
N
δ sr
]
. (37)
From that, the following algebra can be written:
[Jab, Jcd] = ηadJbc − ηacJbd + ηbcJad − ηbdJac ,
[Ja, Jb] = s2Jab , [Ja, Jbc] = ηabJc − ηacJb ,
[Ja, Qs] = −
s
2
γaQs , [J
a, Q¯s] =
s
2
Q¯sγa ,
[Jab, Qs] = −
1
2
γabQs , [J
ab, Q¯s] =
1
2
Q¯sγab ,
[K, Qs] = −i(
1
4
−
1
N
)Qs , [K, Q¯
s] = i(
1
4
−
1
N
)Q¯s ,
[T k, Qs] = (τ
k)rsQr , [T
k, Q¯s] = −(τk)srQ¯
r
{Qs, Q¯
r} = −
i
2
δrsγ
aJa −
1
4
δrsγ
abJab + iδ
r
sK+ (τ
k)rsTk .
(38)
All the other relations vanish. In the dimensionally
reduced scenario, we have that the covariant derivative
can be written as ∇ˆ = (∇,∇χdχ), where:
∇sr =
(
d+ i(
1
4
−
1
N
)b +
1
2
eIγ
I +
1
2
e4γ5 +
1
4
ωIJγ
IJ +
+
λ
2
bIγ5γ
I
)
δsr +Ak(τ
k) sr , (39)
(∇χ)
s
r =
(
∂χ + i(
1
4
−
1
N
)bχ +
1
2
(eI)χγ
I +
1
2
e4χγ5 +
+
1
4
(ωIJ)χγ
IJ +
1
2
λ(bI)χγ5γ
I
)
δsr + (Ak)χ(τ
k) sr ,
(40)
In terms of the definitions of the dimensional re-
duction found in (23),(24) and (25), we may rewrite the
gauge transformations in terms of the component fields.
For eˆa, we have:
δeI = dǫI + ωIJǫJ + λb
Iǫ4 +
1
2
(ψ¯r(Γ + γ5e
4)γIχr +
+
1
2
χ¯rγI(Γ + γ5e
4)ψr) , (41a)
δe4 = dǫ4+λbIǫI+
1
2
ψ¯r(Γ+γ5e
4)γ5χr+
1
2
χ¯rγ5(Γ+γ5e
4)ψr ,
(41b)
δeIχ = ∂χǫ
I + ωIJχ ǫJ + λb
I
χǫ4 +
1
2
ψ¯r(γJe
J
χ + γ5e
4
χ)γ
Iχr +
+
1
2
χ¯rγI(γJe
J
χ + γ5e
4
χ)ψr , (41c)
6δe4χ = ∂χǫ
4 + λbIχǫI4 +
1
2
ψ¯r(γIe
I
χ + γ5e
4
χ)γ5χr +
+
1
2
χ¯rγ5(γIe
I
χ + γ5e
4
χ)ψr , (41d)
where Γ = eIγI . For ωˆ
ab, it follows that:
δωIJ = dǫIJ + ω[IKǫ
J]
K +
1
4
ψ¯r(Γ + γ5e
4)γIJχr +
+
1
4
χ¯rγIJ(Γ + γ5e
4)ψr + λb
[Iǫ
J]
4 , (42a)
δbI =
1
λ
dǫ4I + bKǫ IK +
1
2λ
ψ¯r(Γ + γ5e
4)γIγ5χr +
+
1
2λ
χ¯rγIγ5(Γ + γ5e
4)ψr , (42b)
δωIJχ = ∂χǫ
IJ + ω[IKχ ǫ
J]
K +
1
4
ψ¯r(γJe
J
χ + γ5e
4
χ)γ
IJχr +
+
1
4
χ¯rγIJ(γJe
J
χ + γ5e
4
χ)ψr + λb
[I
χ ǫ
J]
4 , (42c)
δbIχ =
1
λ
∂χǫ
4I + bKχ ǫ
I
K +
1
2λ
ψ¯r(γJe
J
χ + γ5e
4
χ)γ
Iγ5χr +
+
1
2λ
χ¯rγIγ5(γJe
J
χ + γ5e
4
χ)ψr , (42d)
For ψr, one gets:
δ
[
(Γ + γ5e
4)ψr
]
= ~∇χr , (43a)
δ
[
(γJe
J
χ + γ5e
4
χ)ψr
]
= ~∇χχr . (43b)
And, finally, for b, it follows that:
δb = dǫb + iψ¯
r(Γ + γ5e
4)χr + iχ¯
r(Γ + γ5e
4)ψr , (44a)
δbχ = ∂χǫb + iψ¯
r(γJe
J
χ + γ5e
4
χ)χr +
+iχ¯r(γJe
J
χ + γ5e
4
χ)ψr . (44b)
Going on with our analysis, we write down the field-
strength in terms of components. First, for the F a com-
ponents, we have:
F I = T I + λbIe4 + ψ¯
r(Γ + γ5e
4)γI(Γ + γ5e
4)ψr , (45a)
F Iχ = ∂χe
I + ωIJχ eJ −D(ω)e
I
χ +
+ψ¯r(Γ + γ5e
4)γI(γJe
J
χ + γ5e
4
χ)ψr , (45b)
F 4 = de4 + λbIeI + ψ¯
r(Γ + γ5e
4)γ5(Γ + γ5e
4)ψr , (45c)
F 4χ = ∂χe
4 + λbIχeI − de
4
χ − λbIe
I
χ +
+ψ¯r(Γ + γ5e
4)γ5(γJe
J
χ + γ5e
4
χ)ψr . (45d)
Finally, for Fˆ ab, we find:
F IJ = RIJ + eIeJ + λ2bIbJ +
+
1
2
ψ¯r(Γ + γ5e
4)γIJ(Γ + γ5e
4)ψr , (46a)
F IJχ = dω
IJ
χ + ω
I
Lω
LJ
χ − ∂χω
IJ + λ2bIχb
J + eIχe
J +
+
1
2
ψ¯r(Γ + γ5e
4)γIJ (γKe
K
χ + γ5e
4
χ)ψr , (46b)
F I4 = λD(ω)bI + eIe4 + ψ¯r(Γ + γ5e
4)γIγ5(Γ + γ5e
4)ψr ,
(46c)
F I4χ = λ(D(ω)b
I
χ − ∂χb
I − ωIJχ bJ) + e
I
χe
4 − eIe4χ +
+ψ¯r(Γ + γ5e
4)γIγ5(γJe
J
χ + γ5e
4
χ)ψr . (46d)
For the gauge fields, we find:
F k = dAk + fklmA
lAm +
+ψ¯r(Γ + γ5e
4)(τk) sr (Γ + γ5e
4)ψs , (47a)
F kχ = ∂χA
k + fklmA
l
χA
m − dAkχ +
+ψ¯r(Γ + γ5e
4)(τk) sr (γJe
J
χ + γ5e
4
χ)ψs ,
(47b)
F = db + iψ¯r(Γ + γ5e
4)(Γ + γ5e
4)ψr , (47c)
Fχ = dbχ − ∂χb+ iψ¯
r(Γ + γ5e
4)(γJe
J
χ + γ5e
4
χ)ψr (47d)
By adapting the RS ansatz, we find the solutions
which we have presented in Section V.
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